The vector nature of dissipative-soliton-resonance (DSR) pulses is numerically investigated in an all-normal-dispersion Yb-doped fiber laser mode-locked by the nonlinear polarization rotation technique. We calculate the polarization ellipses of the DSR pulse throughout the cavity, which shows that the polarization state varies during the propagation. The features of pulse polarization are also displayed on the Poincaré sphere. The impact of nonlinear birefringence on the polarization evolution is analyzed. Furthermore, we find that the polarization state is not uniform across a DSR pulse at a fixed intracavity position. The flat-top part of the pulse has a nearly fixed polarization, while its leading and trailing edges feature polarization states that vary with time. The peak power ratio of the two orthogonal polarization components in the pulse is limited in the range from 4 to 31. Our simulation results offer insight into the polarization properties of DSR pulses in mode-locked fiber lasers containing polarization discrimination devices.
Introduction
Ultrafast fiber lasers have attracted great attention due to their diverse practical applications in optical communications, micromachining, and frequency metrology [1] . To date, numerous passive mode-locking techniques, such as nonlinear polarization rotation (NPR), nonlinear optical loop mirror (NOLM), and real saturable absorbers (SAs), have been exploited for ultrashort-pulse generation. In addition to their widespread use as ultrashort-pulse sources, ultrafast fiber lasers are also regarded as convenient test-beds for the fundamental exploration of complex soliton dynamics. The term soliton refers to special kinds of wave packets that remain intact even after mutual collisions. Since then, solitons have been discovered and investigated in many branches of physics. In the context of optics, Mollenauer et al. first demonstrated optical solitons in single-mode fibers (SMFs) [2] . A basic equation that governs the propagation of solitons in SMFs is the nonlinear Schrödinger equation (NLSE). However, it was found that optical solitons can also exist in non-conservative systems, such as ultrafast fiber lasers. Different from the classical solitons observed in SMFs, the dynamics of solitons formed in fiber lasers can be well described by the complex Ginzburg-Landau equation (CGLE), which takes account not only of the dispersion and nonlinearity but also of the gain and loss. In the past decades, various soliton dynamics have been reported in ultrafast fiber lasers by adjusting the cavity parameters. When a mode-locked fiber laser is constructed with purely anomalous group-velocity dispersion (GVD) fibers, conventional solitons (CSs) can be obtained as a balance between negative GVD and self-phase modulation effects [3] . The technique of dispersion management is often utilized in the design of stretched-pulse fiber lasers [4] , where segments of fibers with opposite signs of GVD parameters are combined to reduce the net cavity dispersion to near zero. The pulse stretches and compresses alternately during the propagation, which can decrease the accumulated nonlinear phase shift in the cavity. By changing the cavity dispersion to large-positive or even all-normal dispersion, dissipative solitons (DSs) have been observed [5] . In contrast to the CSs, the formation of DSs is a composite balance involving dissipative and dispersive effects. Pulse shaping in normal-dispersion fiber lasers is attributed to spectral filtering of highly-chirped pulse and the output spectrum exhibits steep edges.
Chang et al. have found a new type of DS known as dissipative soliton resonance (DSR) by solving the CGLE [6] . The DSR pulse features a flat-top temporal profile. It shows that with the increase of pump power, the pulse duration can be increased indefinitely without pulse break-up while its peak power remains constant. A number of theoretical studies have subsequently been reported within the framework of the CGLE model [7] - [10] . Based on the lumped model, the mechanism of DSR-pulse generation in mode-locked fiber lasers has been investigated numerically [11] - [13] . DSR phenomena have also been experimentally demonstrated in fiber lasers mode-locked by NPR [14] , [15] , NOLM [16] , [17] , and real SAs [18] - [20] . However, emphasis has been given to scalar DSR, neglecting the vector nature of DSR pulses. In practice, a SMF is always weakly birefringent due to manufacturing imperfections, bending or externally applied stress, etc. It can support two degenerate modes that are polarized along both principal axes of the birefringent fiber. Owing to nonlinear coupling, two orthogonal polarization components of a soliton can propagate as a unit. The entity of the coupled soliton is referred to as vector soliton (VS). So far, various types of VSs, including the group velocity-locked (GVL) VSs [21] , [22] , the polarization rotation-locked (PRL) VSs [23] , [24] , and the polarization-locked (PL) VSs [25] , [26] , have been confirmed in mode-locked fiber lasers. Recently, the generation of GVL-DSR pulses has been reported in a figure-of-eight fiber laser [27] . Li et al. investigated the internal polarization dynamics of DSR pulses in an Yb-doped fiber laser mode-locked by NOLM [28] . However, since the polarizer and analyzer are required for the implementation of NPR technique, it is worth investigating the vector characteristics of DSR pulses in NPR mode-locked fiber lasers. The exploration of this issue would enrich the VS dynamics in mode-locked fiber lasers with polarization discrimination devices.
In this paper, we report numerical simulations on the vector nature of DSR pulses in an all-normaldispersion (ANDi) Yb-doped fiber laser mode-locked by the NPR technique. The polarization ellipses of the DSR pulse inside the laser cavity were calculated. The features of pulse polarization were also shown on the Poincaré sphere. The influence of nonlinear birefringence on the polarization evolution is discussed. We also analyzed the internal polarization dynamics of DSR pulses. The peak power ratio of the two orthogonal polarization modes in the DSR pulse was given as a function of the orientation angles of polarization-dependent components in the cavity.
Numerical Model
The proposed ANDi Yb-doped mode-locked fiber laser is schematically shown in Fig. 1 . The laser cavity is composed of a 4 m Yb-doped fiber (YDF), a polarization-dependent isolator (PD-ISO), a Gaussian-shaped spectral filter with a bandwidth of 14 nm, a polarization controller (PC), two pieces of SMFs with a total length of 24 m, and a 50:50 output coupler (OC). The cavity length L is 28 m. The dispersion parameters of the fibers are β 2,YD F = 20 ps 2 /km and β 2,SM F = 23 ps 2 /km, respectively. The net cavity dispersion is 0.632 ps 2 . All the fibers are assumed to have the same nonlinear coefficient of γ = 3 W −1 km −1 . The PD-ISO has the functions of both the polarizer and analyzer while the PC introduces a linear phase delay bias p h between the two polarization modes in the pulse. The PD-ISO together with the PC acts as a mode locker, which is needed to initiate mode locking and to stabilize the pulse through suppressing the generation of cavity background noise.
In contrast to the CGLE model where a small-pulse-variation approximation was assumed, we numerically simulated the pulse formation and evolution in the laser based on a cavity round-trip model [29] . The action of each cavity element on the pulse was considered. Pulse propagation in a linearly birefringent fiber can be described by the following coupled Ginzburg-Landau equation
where u and v denote the normalized envelopes of the pulse polarized along the slow and fast axis of the birefringent fiber, respectively; 2β = 2π/L b is the wave-number difference between the two polarization components, and L b is the beat length; 2δ = 2βλ/2πc is the inverse group-velocity difference; β 2 represents the GVD parameter of fiber; γ refers to the nonlinearity coefficient of fiber; g describes the gain function of the YDF; g denotes the gain bandwidth, which is set to 30 nm. For the SMFs, g = 0 and the last two terms on the right side of Eq. (1) are ignored. For the YDF, the gain saturation effect is considered as
where g 0 is the small signal gain, which is related to the doping concentration; E sat is the gain saturation energy and the increase of E sat is equivalent to increasing the pump power. In our simulations, g 0 is fixed at 2 m −1 and E sat is variable. The effects of other discrete cavity elements, such as the PC, the OC, and the PD-ISO, were simulated by multiplying their corresponding transfer matrixes with the optical field whenever the pulse encounters them. For the simplicity, we assumed that different pieces of fibers inserted in the cavity have the same principal axes. Actually, by setting the polarizer and analyzer to have different orientation angles θ and ϕ with respect to the fast axis of the birefringent fiber, the impact caused by the possible non-coincidence of the fiber axes has been taken into account. Due to the complexity of the model, we utilized the split-step Fourier method to solve it numerically. In the simulations, we started the calculation from an arbitrary weak pulse. After a round-trip propagation in the cavity, we then used the final optical field as an input for the next round of calculation. Eventually, a steady state could always be obtained under appropriate operation conditions. An approach to describing the polarization evolution of a pulse formed in the cavity is based on motion of the Stokes vector on the Poincaré sphere. At this point, four variables known as the Stokes parameters are introduced and defined as 
Simulation Results and Discussion
In our simulations, when the parameters were set to L b = 7 m (i.e., L /L b = 4), θ = 0.1π, ϕ = 0.3π, and p h = 0.75π, stable pulses could be achieved in the cavity. As shown in Fig. 2(a) , when the pump E sat is increased from 1 nJ to 9 nJ, the peak power of the output pulse initially increases and then clamps at a certain value while its temporal profile transfers from a Gaussian shape to a rectangular one. Fig. 2(b) illustrates the change in the corresponding pulse spectra. As the pump power is increased, the intensity in the central region of pulse spectrum grows continuously, which results in a bell-shaped top appearing in the rectangular spectral profile. The 3-dB bandwidth is significantly narrowed at first and then keeps almost unchanged. The evolution process from the DS to the rectangular pulse is in agreement with the DSR theory, indicating that stable DSR pulses are generated in the cavity. Fig. 3 depicts the temporal and spectral profiles of the two polarization modes in the output DSR pulse when E sat is set to 9.2 nJ. As presented in Fig. 3(a) , the peak powers of the orthogonally polarized components are unequal and the strong polarization mode is along the fast axis of the fiber. The peak power ratio of the two components is 12. Fig. 3(b) shows the corresponding pulse spectra, which have the same central wavelength centered at 1060 nm. The characteristics of the intra-cavity DSR-pulse evolution are illustrated in Fig. 4 . One can see from Fig. 4(a) that the pulse with a rectangular temporal profile can exist throughout the laser cavity. The relative fluctuation of the pulse duration is quite low during the propagation. Fig. 4(b) illustrates the phase-difference variation between the two components along the cavity. After the pulse passes through the polarizer, the phase difference is locked to 0 rad. As it propagates further in the cavity, the phase difference increases linearly from 0 to 7.85π rad. When the pulse finally traverses the analyzer, the phase difference will change to 0 rad immediately. The actual relative-phase change over one cavity length is thus about 7.85π rad. It is worth noting that if only the linear birefringence is taken into account, the phase difference between the two polarization modes accumulated in a cavity roundtrip should be equal to 8π rad in the case of L = 4L b . The origin of the slight discrepancy between 7.85π and 8π can be understood from the following qualitative explanation. In our simulations, the orientation of the polarizer has an angle of θ = 0.1π from the fast axis of the fiber, and the fast-axis component in the pulse thus has a larger peak power. The nonlinear contribution to the refractive index of the fast axis is greater relative to the slow-axis one, which thereby leads to a reduction of the difference in total indices between the axes. As a result, the fiber becomes less birefringent and the actual beat length increases. The polarization evolution of output pulses with cavity roundtrips is presented by using the Poincaré sphere, as depicted in Fig. 5(a) . A fixed point on the Poincaré sphere implies that the pulse has a stationary polarization state. The polarization ellipse of the pulse at the position of the OC is shown in Fig. 5(b) . The pulse is elliptically polarized with its larger axis of polarization near the fast axis of the fiber. We also calculated the polarization ellipses of the pulse at various locations inside the cavity, as illustrated in Fig. 6 . Obviously, both the orientation angle and ellipticity of the polarization ellipse vary during the propagation, i.e., the polarization state changes. When the pulse propagates along the fibers, its polarization state is elliptically polarized. The intra-cavity polarizer and analyzer provide a polarization feedback on the pulse circulating in the cavity. After the pulse passes through them, its polarization state will be forced into a linear polarization immediately. As an example, Fig. 6(b) shows the polarization ellipse of the DSR pulse at a position of 7 m in the cavity, and Fig. 6(d) presents the other one after the pulse propagates over L b . Obviously, the polarization state in Fig. 6(d) does not return to its original one shown in Fig. 6(b) . Generally, if only the linear birefringence is taken into consideration, the polarization state of light changes continuously along the fiber in a periodic manner with a period equal to the beat length L b . However, the polarization evolution of the DSR pulse along the cavity is determined by both the linear and nonlinear birefringence. In our simulations, the peak power of the fast-axis component in the pulse is stronger than that of the slow-axis one, the nonlinear birefringence thus causes a slight increase in the actual cavity beat length. Our numerical results indicate that the polarization ellipse of the pulse is recovered when propagating over about 1.11L b .
Actually, the aforementioned polarization evolution is represented by the polarization ellipse of the central point in the pulse envelope. It remains unclear whether or not the polarization states across the pulse are identical. Thus, we further investigated the internal polarization dynamics of DSR pulses at a fixed cavity position. As shown in Fig. 7(a) , the phase difference between the two components is not uniform across the pulse. It can be seen from Fig. 7(b) that the leading edge (red curve) and trailing edge (blue curve) of the pulse show a long trajectory on the Poincaré sphere, while its flat-top part converges to a fixed point (green dot). It should be noted that when a CS is formed in a NPR mode-locked fiber laser, its polarization state is invariant with time at a fixed intra-cavity position [30] . However, our simulation results clearly suggest that the DSR pulse does not acquire a single state of polarization. Although the flat-top part of the pulse has a nearly fixed polarization state, its leading and trailing edges feature polarization states that vary with time. Physically speaking, the DSR pulse has a unique instantaneous frequency behavior. Its flat-top part acquires a moderately low linear chirp frequency, whereas the chirp changes exponentially at the edges [31] . Therefore, the phase difference between the two components is nearly fixed across the pulse envelope, except at the edges, where it varies with time. It is the intrinsic frequency chirp property that results in polarization non-uniformity between the flat-top part and edges of the DSR pulse. Fig. 8 illustrates the existence domain of DSR pulses as a function of orientation angles θ and ϕ. In this case, we only altered the values of θ and ϕ while fixing other variables (L b = 7 m, E sat = 9.2 nJ, and p h = 0.75π). It was found that DSR pulses can exist in two regions, as shown in the bottom-left and top-right portions of Fig. 8 . In the red region, the orientation angle θ of the polarizer is set in the range from 0.06π to 0.17π, while the analyzer has an angle ϕ varying from 0.07π to 0.4π. In the blue region, DSR pulses exist in the range where θ and ϕ vary from 0.83π to 0.94π and 0.6π to 0.93π, respectively.
We noted that if a stable DSR pulse is formed with the orientation angles θ 1 and ϕ 1 , it can also exist in the cavity under the conditions of θ = π − θ 1 and ϕ = π − ϕ 1 . We recall that based on the NPR technique, the intensity-dependent transmission of the cavity can be expressed by
where is the phase difference between the two components, which is considered as
where L is the cavity length and P is the instantaneous peak power of the pulse. It is clear to see from Eqs. (4) and (5) that when other cavity parameters remain unchanged, both the cases of θ = θ 1 with ϕ = ϕ 1 and θ = π − θ 1 with ϕ = π − ϕ 1 correspond to the same transmission value. This will result in that the DSR pulses obtained in these two cases are identical.
In the existence domain of DSR pulses, we also investigated the peak power ratio R of the two components in the pulse as a function of orientation angles θ and ϕ, as shown in Figs. 9(a) and 9(b) . Under the DSR operation conditions, R is limited in the range from 4 to 31. This phenomenon could be explained as follows: when the ratio R is less than 4, the nonlinear birefringence resulted from an asymmetric peak power distribution between the two principal axes is negligible relative to the linear birefringence. The walk-off effect induced by the intrinsic linear birefringence thereby results in the separation of the two polarization components and no stable DSR pulse can be formed in the cavity. On the other hand, when the ratio R is greater than 31, the peak power of the fast-axis component is much more intense than that of the slow-axis one. The pulse is approximately served as a linearly polarized light propagating along the fiber. In this case, the NPR effect is disabled and mode-locked pulses could not be formed. Furthermore, Fig. 9 shows that R is almost independent of the orientation angle ϕ and varies with θ. It should be noted that the lower and upper limits of the ratio R could be changed by adjusting the cavity length and dispersion of our proposed laser. 
Conclusion
A numerical investigation on the vector nature of DSR pulses in an ANDi Yb-doped fiber laser modelocked by the NPR technique has been performed. Through calculating the polarization ellipses of the DSR pulse inside the laser cavity, it has been shown that the polarization state changes, as both the orientation angle and ellipticity of the polarization ellipse vary during the propagation. The features of pulse polarization have also been displayed on the Poincaré sphere. The impact of nonlinear birefringence on the polarization evolution has been analyzed. The DSR pulse exhibits a unique internal polarization behavior. Its flat-top part acquires a nearly fixed polarization state, whereas the edges feature polarization states that vary with time. We have also found that the peak power ratio of the two polarization modes in the pulse is limited in the range from 4 to 31. Our simulation results give an insight into the polarization properties of DSR pulses in mode-locked fiber lasers involving polarization-dependent devices.
